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We establish an intriguing correspondence between a special set of classical solutions of the mod-
ified sinh-Gordon equation (i.e., Hitchin’s “self-duality” equations) on a punctured Riemann sphere
and a set of stationary states in the finite-volume Hilbert space of the integrable 2D QFT introduced
by V.A. Fateev. Potential applications of this correspondence to the problem of non-perturbative
quantization of classically integrable non-linear sigma models are briefly discussed. A detailed ac-
count of the results announced in this letter is contained in a separate publication [arXiv:1310.4390].
It is difficult to assign a precise mathematical meaning
for the concept of integrability in Quantum Field The-
ory. A naive intuition goes back to Liouville of the 19th
century and suggests an existence of a sufficiently large
set of mutually commuting operators whose joint spec-
tra fully specify stationary states of the quantum system.
For deeper insights, it is useful to consider 2D Conformal
Field Theory (CFT), where significant simplifications oc-
cur due to the presence of an infinite dimensional algebra
of (extended) conformal symmetry [1]. For a finite-size
2D CFT (with the spatial coordinate compactified on a
circle of the circumference R), a mathematically satis-
factory construction of an infinite set of mutually com-
muting local Integrals of Motion (IM) can be given and
the simultaneous diagonalization of these operators turns
out to be a well-defined problem within the representa-
tion theory of the associated conformal algebra.
Different conformal algebras, as well as different sets
of mutually commuting local IM yield a variety of in-
tegrable structures in CFT. The series of works [2] was
dedicated to the simplest of these structures, associated
with the diagonalization of the local IM from the quan-
tum KdV hierarchy [3]. Subsequent studies of this prob-
lem culminated in a rather surprising link between the
integrable structures of CFT and spectral theory of Or-
dinary Differential Equations (ODE) [4, 5]. In particu-
lar, in [5] a one-to-one correspondence was conjectured
between the joint eigenbasis of the IM from the quan-
tum KdV hierarchy and a certain class of differential op-
erators of the second order −∂2z + VL(z), with singular
potentials VL(z) (“monster” potentials in terminology of
[5]). Apart from a regular singularity at z = 0 and an
irregular singular point at z = ∞, the monster poten-
tials possess L regular singular points {xa}
L
a=1. These
potentials are not of much immediate interest in quan-
tum mechanics, but arise rather naturally in the context
of the theory of isomonodromic deformations. Solutions
of the corresponding Schro¨dinger equations are single val-
ued (monodromy-free) at z = xa and their monodromy
properties turn out to be similar to those of the radial
wave functions for the three-dimensional isotropic anhar-
monic oscillator. The monodromy-free condition was for-
mulated in a form of a system of L algebraic equations
imposed on the set {xa}
L
a=1. The correspondence pro-
posed in [5] precisely relates the set of monster potentials
VL(z) and the joint eigenbasis for all quantum KdV in-
tegrals of motion in the level L subspace of the highest
weight representation of the Virasoro algebra. In partic-
ular, this implies that a number of the potentials VL(z)
with a given value of L exactly coincides with a number
of partitions p1(L) of the integer L into parts of one kind.
Since 1998, the link to the spectral theory of ODE
have been extended to a large variety of integrable CFT
structures (for a review, see [6]), so that a natural ques-
tion has emerged on whether a similar relation exist for
massive integrable QFT. This question remained more or
less dormant until the work [7], after which the so-called
thermodynamic Bethe Ansatz equations have started to
appear in different contexts of SUSY gauge theories [8].
These remarkable developments have led to the work [9],
which established a link between the eigenvalues of IM
in the vacuum sector of the massive sine/sinh-Gordon
model and some new spectral problem generalizing the
one from [4].
This work is aimed to extend the results of [5, 9] and
provide an explicit example of the correspondence be-
tween an infinite set of stationary states of massive in-
tegrable QFT in a finite volume and a set of singular
differential operators of a certain type. At first glance,
the best candidate for such study should be the sine-
Gordon model, which always served as a basis for the de-
velopment of integrable QFT. However, in spite of some
technical complexity, a more general model introduced
by Fateev [11] (which contains the sine-Gordon model
as a particular case) turned out to be more appropriate
for this task. The situation here is analogous to that in
the Painleve´ theory. Even though the Painleve´ VI is the
most complicated and general equation in the Painleve´
2classification, geometric structures behind this equation
are much more transparent than those related to its de-
generations. From this point of view, the fact that the
sine-Gordon model is a certain degeneration of the Fateev
model, could be understood as a QFT version of the re-
lationship between the Painleve´ VI and a particular case
of Painleve´ III.
Our starting point is a special class of Fuchsian differ-
ential operators of the second order D = −∂2z + TL(z)
with 3 + L regular singular points at z = z1, z2, z3 and
z = x1, . . . , xL. The variable z can be regarded as a
complex coordinate on the Riemann sphere with 3 + L
punctures. Projective transformations of z allows one to
send three points zi to any designated positions. At the
same time other parameters of TL(z) are chosen in such a
way that the remaining L regular singular points satisfy
the monodromy-free condition. Therefore, monodromy
properties of the differential operator D with L > 0 turn
out to be similar to those for L = 0 (i.e. the ordinary
hypergeometric differential operator of the second order).
Next, we consider more general differential operators
of the form D(λ) = −∂2z + TL(z) + λ
2 P(z), where
P(z) =
(z3 − z2)
a1 (z1 − z3)
a2 (z2 − z1)
a3
(z − z1)2−a1(z − z2)2−a2(z − z3)2−a3
and parameters 0 < ai < 2 obey the constraint a1+ a2+
a3 = 2. Due to the last relation, P(z)(dz)
2 transforms as
a quadratic differential under PSL(2,C) transformations
and the punctures z1, z2, z3 on the Riemann sphere can
still be sent to any desirable positions. The monodromy
properties of D(λ) for λ 6= 0 change dramatically in com-
parison with the case λ = 0. However, one can still find
positions of the punctures x1, . . . , xL so that they remain
monodromy-free singular points for any values of λ. In
this case the coordinates {xi}
L
i=1 obey a the system of L
algebraic equations similar to that from [5], and the mod-
uli space of the operators D(λ) constitute a finite discrete
subset A(L) of the moduli space of D(0) = −∂2z + TL(z)
[10]. It appears that, for a given L, the cardinality ofA(L)
coincides with the number of partitions p3(L) of the in-
teger L into parts of three kinds. We interpret this fact
in the spirit of [5], and present arguments in support of
the existence of a one-to-one correspondence between the
elements of A(L) and the level-L common eigenbasis of
local IM of the integrable hierarchy introduced by Fateev
in [11] (see ref.[19] for details). The arguments closely fol-
low the line of [2] adapted to the algebra of extended con-
formal symmetry, which can be regarded as a quantum
Hamiltonian reduction of the exceptional affine superal-
gebra Dˆ(2, 1;α) [12] (the “corner-brane” W -algebra, in
terminology of [13]).
The above structure can be generalized to the case
of massive QFT. The construction is based on the idea
from [9], which was inspired by the works [7, 8]. As far
as our attention has been restricted to the case of CFT,
there was no need to separately consider the antiholomor-
phic differential operator D¯(λ¯) = −∂2z¯ + T¯L¯(z¯)+ λ¯
2 P¯(z¯),
since there is only a nomenclature difference between the
holomorphic and antiholomorphic cases. In massive QFT
one should substitute (D(λ), D¯(λ¯)) by a pair of (2 × 2)-
matrix valued differential operators
(
D(λ), D¯(λ¯)
)
=(
∂z −Az, ∂z¯ −Az¯
)
with
Az = −
1
2 ∂zη σ3 + σ+ e
+η + σ− λ
2 P(z) e−η
Az¯ = +
1
2 ∂z¯η σ3 + σ− e
+η + σ+ λ¯
2 P¯(z¯) e−η .
where σ3, σ± = (σ1±iσ2)/2 are the standard Pauli matri-
ces. The pair (Az , Az¯) forms an sl(2) connection whose
flatness is a necessary condition for the existence of solu-
tion of the auxiliary linear problem D(λ)Ψ = D¯(λ¯)Ψ =
0. The zero-curvature condition yields the Modified Sinh-
Gordon equation (MShG):
∂z∂z¯η − e
2η + ρ4 P(z)P¯(z¯) e−2η = 0 (ρ2 = λλ¯) .
We consider a particular class of singular solutions of this
equation, defined of the following requirements:
(i) e−η should be a smooth, single valued complex func-
tion without zeroes on the Riemann sphere with
3 + L + L¯ punctures. Since z = ∞ is assumed to
be a regular point on the sphere, then e−η ∼ |z|2 as
|z| → ∞.
(ii) e−η develops a singular behavior at z = zi: e
−η ∼
|z − zi|
−2mi as |z − zi| → 0 (i = 1, 2, 3), where
parameters mi are restricted within the domains
− 12 ≤ mi ≤ −
1
4 (2 − ai) [15].
(iii) e−η also develops a singular behavior at z =
xa (a = 1, . . . , L) and z¯ = y¯b (b = 1, . . . , L¯):
e−η ∼ z¯−x¯a
z−xa
, e−η ∼ z−yb
z¯−y¯b
. The positions of these
punctures are constrained by the requirement that
e±
1
2
ησ3 Ψ is single-valued in the neighborhood of the
punctures z = xa and z¯ = y¯b (where Ψ is a general
solution of the MShG auxiliary linear problem).
Following [14], the above monodromy-free condition
(iii) can be transformed into a set of L+L¯ constraints im-
posed on the regular part of local expansions of (∂zη, ∂z¯η)
at the monodromy-free punctures:
∂zη =
1
z − xa
+
1
2
γa + o(1) , ∂z¯η = −
1
z¯ − x¯a
+ o(1)
∂z¯η =
1
z¯ − y¯b
+
1
2
γ¯b + o(1) , ∂zη = −
1
z − yb
+ o(1) ,
where γa = ∂z logP(z)|z=xa , γ¯b = ∂z¯ log P¯(z¯)|z¯=y¯b .
It is expected that as far as positions of the punctures
zi are fixed, the triple m = (m1,m2,m3) and the pair
(L, L¯) are chosen, the MShG equation has a finite set
A
(L,L¯)
m of solutions satisfying all of the above require-
ments. Then we can define the moduli space Am which
3is a union of these finite sets: Am = ∪
∞
L,L¯
A
(L,L¯)
m . No-
tice that, to a certain extent, Am can be regarded as a
Hitchin moduli space [16].
An essential ingredient of the formal theory of the
MShG equation is an existence of an infinite hierarchy
of one-forms, which are closed by virtue of the MShG
equation itself. With these forms, on can define an in-
finite set of conserved charges {q2n−1, q¯2n−1}
∞
n=1, which
can be used to characterize the elements of the moduli
space Am. Indeed, in spite of the fact that the flat con-
nection A = Az dz+Az¯ dz¯ associated with an element of
Am is not single-valued on the punctured sphere, it does
return to the original value after a continuation along the
Pochhammer loop — the contour γP depicted in Fig.1:
z1
z2z3
γP
FIG. 1. The Pochhammer loop on the Riemann sphere.
Therefore one can consider the Wilson loop W =
Tr
[
P exp
( ∮
γP
A
)]
, whose significant advantage is that it
does not depend on the precise shape of the integration
contour. In particular, it is not sensitive to deformations
of γP which sweep through the monodromy-free punc-
tures. The Wilson loop is an entire periodic function of
the spectral parameter θ = 12 log(λ/λ¯), which possesses
an asymptotic expansion:
logW ≍
{
C eθ +
∑∞
n=1 q2n−1 e
−(2n−1)θ (θ → +∞)
C e−θ +
∑∞
n=1 q¯2n−1 e
(2n−1)θ (θ → −∞)
Here C is some constant, whereas {q2n−1, q¯2n−1}
∞
n=1 de-
notes the infinite set of conserved charges.
The main objective of this work is to propose the corre-
spondence between elements of the moduli space Am and
a subset H
(0)
k
of stationary states of the Fateev model in
a finite volume. To describe H
(0)
k
explicitly, let us recall
some basic facts about this model.
The Fateev model is governed by the following La-
grangian in 1 + 1 Minkowski space
L =
1
16pi
3∑
i=1
(
(∂tϕi)
2 − (∂xϕi)
2
)
+ 2µ
(
eiα3ϕ3
× cos(α1ϕ1 + α2ϕ2) + e
−iα3ϕ3 cos(α1ϕ1 − α2ϕ2)
)
.
for the three scalar fields ϕi(x, t). Here αi are real cou-
pling constants subject to a single constraint α21 + α
2
2 +
α23 =
1
2 . The parameter µ in the Lagrangian sets the
mass scale, µ ∼ [ mass ]. We assume a finite-size geome-
try (with the spatial coordinate x compactified on a circle
of circumference R) and impose the periodic boundary
conditions ϕi(x + R, t) = ϕi(x, t). Due to the periodic-
ity of the Lagrangian in ϕi, the space of states H in the
model splits into orthogonal subspaces Hk characterized
by the three “quasimomenta” k = (k1, k2, k3). Similarly
to the quantum mechanical problem of a particle in a
periodic potential, the subspaces Hk possess the band
structure, where the subspace H
(0)
k
, corresponding to the
first Brillouin zone, is of primary interest. The Fateev
model is integrable, in particular it has an infinite set of
commuting local integrals of motion I
(+)
2n−1, I
(−)
2n−1, with
2n = 2, 4, 6, . . . being the Lorentz spins of the associated
local densities. For 0 ≤ ki ≤
1
2 , the sets of eigenvalues
{I
(+)
2n−1, I
(−)
2n−1}
∞
n=1 fully specify the common eigenbasis of
the local IM in H
(0)
k
.
In the recent paper [17] it was conjectured that the
set of vacuum eigenvalues {I
(+)
2n−1, I
(−)
2n−1}
∞
n=1 (i.e. cor-
responding to the unique state in H
(0)
k
with the lowest
value of the energy E = I
(+)
1 + I
(−)
1 ) essentially coincides
with the set of conserved charges {q2n−1, q¯2n−1}
∞
n=1 as-
sociated with the unique element A
(0,0)
m of the moduli
space Am, provided that
α2i =
ai
4
, ki =
1
ai
(2mi + 1) , µR = 2ρ .
In this work we extend the conjecture of [17] to the whole
spectrum of the local IM in the subspace H
(0)
k
. Namely,
we conjecture that the corresponding eigenvalues coin-
cide with the values of the classical conserved charges
associated with the elements of the moduli space Am.
Thus, for the values of ki, restricted to the segment [ 0,
1
2 ],
there is a remarkable correspondence between the joint
eigenbasis of the local IM in H
(0)
k
space and the solutions
of MShG equation specified by the elements of Am.
Among various applications, the above correspondence
between the classical and quantum integrable systems
provides a powerful tool for deriving functional and in-
tegral equations which determine the spectrum of local
IM in massive QFT. We believe that this correspondence
is, in fact, a general phenomenon which open a new way
of approaching integrable QFT and, most importantly,
the problem of non-perturbative quantization of classi-
cally integrable nonlinear sigma models. Here, we are
motivated by the following consideration.
The above discussion has been focused on the “sym-
metric” regime of the Fateev model where all the cou-
plings αi are real, so that the Lagrangian is completely
symmetric under simultaneous permutations of the real
fields ϕi and the real couplings αi. The theory is ap-
4parently non-unitary in this case. In the most interest-
ing unitary regime one of the couplings, say α3, is pure
imaginary: α21 > 0, α
2
2 > 0, α
2
3 := −b
2 < 0, and the
Lagrangian becomes real
L =
1
16pi
3∑
i=1
(
(∂tϕi)
2 − (∂xϕi)
2
)
− 2µ
(
ebϕ3
× cos(α1ϕ1 + α2ϕ2) + e
−bϕ3 cos(α1ϕ1 − α2ϕ2)
)
.
The physical content in the unitary regime is differ-
ent from the symmetric one. However, assuming the
same periodic boundary conditions for each field ϕi (i =
1, 2, 3), we can use the same symbols H and Hk to de-
note the spaces of states and their certain linear sub-
spaces in the both cases (except that k in the uni-
tary regime should be regarded as a pair of quasimo-
menta, k = (k1, k2), because of lack of periodicity in ϕ3-
direction). As before, we focus on the component H
(0)
k
corresponding to the first Brillouin zone. An important
property of the local IM is that their existence and their
form are not sensitive to the choice of parameter values.
Thus the eigenstates in H
(0)
k
are again specified by the
joint spectra of local IM.
Having in mind relations between H
(0)
k
and Am in
the symmetric regime, let us consider the MShG equa-
tion in the regime a1, a2 > 0, a3 < 0 (the constraint
a1+a2+a3 = 2 is still assumed). A brief inspection shows
that the set of requirements imposed on the MShG field
remains quite meaningful in this case. Only the asymp-
totic condition which describes the behavior of the so-
lution in the vicinity of the third puncture z3, requires
a special attention. For ai > 0 we had the freedom to
control the asymptotic behavior of η as z → zi, with
the arbitrary parameters mi. If a3 < 0, the situation
is different: the leading asymptotic behavior of the so-
lution at z = z3 is determined by the MShG equation
itself [9]: e−η ∼
∣∣P(z)∣∣− 12 ∝ |z − z3| a32 −1. Taking this
into account one can still define the moduli space Am,
which now will be labeled by the pair m = (m1,m2). At
the same time the definition of the set of the conserved
charges {q2n−1, q¯2n−1}
∞
n=1 remains unchanged. We ex-
pect that the relation between the subspace H
(0)
k
and the
moduli space Am will continue to holds for the unitary
regime as well.
The Fateev model in the unitary regime admits a dual
description in terms of the action
S =
∫
d2xGµν(X) ∂aX
µ∂aX
ν ,
where Gµν is a certain two-parameter families of metric
on the topological three-sphere which possesses two U(1)
Killing vector fields [11]. The sigma-model description is
especially useful in the strong coupling limit (α2i , b
2 →∞
with α2i /b
2 kept fixed), which can be regarded as the
classical limit. Notice that the classical integrability of
the theory was established only recently in Ref.[18].
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